The present paper is concerned with the numerical simulation of magneto-hydrodynamic (MHD) problems with industrial tools. MHD has received attention some thirty to twenty years ago as a possible alternative in propulsion applications; MHD propelled ships have even been designed to that purpose. However such propulsion systems have been proved of low efficiency and fundamental researches in the area have progressively received much less attention over the past decades. Numerical simulation of MHD problem could however provide interesting solutions in the field of turbulent flow control. The development of recent efficient numerical techniques for multi-physic applications provide promising tool for the engineer for that purpose. In the present paper, some elementary test cases in laminar flow with magnetic forcing terms are analyzed; equations of the coupled problem are exposed and analytical solutions are derived in each case, highlighting the relevant non-dimensional number which drives the physics of the problem. Several analytical calculations are then proposed and discussed. The present work will serve as basis for validation of numerical tools (based on the finite element method) for academic as well as industrial application purposes.
INTRODUCTION
Magneto-Hydro-Dynamic effects have received attention some thirty to twenty years ago as a possible alternative in propulsion applications; MHD propelled ships have even been designed to that purpose: the most famous example is the Japanese ship Yamamoto 1, which has been designed and build as prototype of MHD-propelled ship (see Fig. 1 featuring a photo of the MHD thrusters from Yamamoto 1). However such propulsion systems have been proved of low efficiency and fundamental researches in the area have progressively received much less attention over the past decades. Numerical simulation of MHD problem could however provide interesting solutions in the field of turbulent flow control. The development of recent efficient numerical techniques for multi-physic applications provide promising tool for the engineer for that purpose. In the present paper, analytical test-cases in laminar flow with magnetic forcing terms are analyzed, namely the Hartman problem (section 1), the Couette problem (section 2) and the Rayleigh problem (section 3). An analytical solution is derived in each case 1 and the physic of the problem is discussed through the influence of a relevant non-dimensional number highlighted by the analytical expressions. As an illustration on MHD-based propulsion system, application of the Hartmann problem solution to an elementary propulsion nozzle is exposed. The present work will serve as basis for validation of numerical tools for multi-physic applications. 1 To the authors' knowledge, some of the presented analytical solutions have never been reported previously in the literature.
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The classical Hartmann flow, first investigated by Hartmann in the 1930s, is probably the first validation test case to consider, see Fig. 2 . The problem to be considered is the steady flow of an incompressible neutral but electrically conducting fluid in the positive x direction, with a magnetic field B , assumed to be uniform and constant, in the positive z direction. Assuming an electrical conductivity infinite for the electrodes, we will neglect end effects ( a L  ), secondary flows ( a b  ) and the Hall effect, which allows to use a usual Ohm's law:
(1) where  is the electrical conductivity of the fluid.
Fig. 2. Channel geometry for Hartmann flow
Except for the pressure p and the temperature T , previous assumptions lead to variables functions of z alone: [7] in which advective terms have been discarded) and energy equation (Eq. [8] ) with viscous and ohmic dissipation, repeated here for convenience, assuming that viscosity  , electrical and thermal conductivity of the fluid,  and  , are not temperature-dependant:
where e  is the electric charge density, e is the energy per unit mass of the fluid and r a volumic source of heat.
Classical analytical solutions
Since the heat-transfer and fluid motion equations are uncoupled, it is possible to solve equations separately. Moreover the equations are linear and, following e.g. [1] , the solution for the velocity profile x u and the mean velocity u is found to be (with boundary condition 
(12) where, as a consequence of symmetry of the problem, the boundary condition for T is assuming to be:
, so that the analytical solution of Eq. (13) is :
where constants It is interesting to know [11] that if the heat flux w q at the wall is independent of x and the problem is assumed to be one-dimensional, then T must be a linear function of x :
The boundary condition is T along the channel wall, the problem become two-dimensional and rise many more difficulties [9] .
Extension to an analytical solution with a thermal conductivity function linear of T
When the thermal conductivity is a function of T , the previous equation of energy (8) has to be modified in (16):
The thermal conductivity of the fluid is assuming here to be a linear function of T :
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Study of the Hartmann flow analytical solutions
First of all, it is interesting to remind the asymptotic expressions of previous solutions:
When H is assumed to be nil, the classical solution for no applied magnetic field is recovered, and when H becomes very large, the velocity profile is almost uniform. Moreover, at
without pressure gradient, there is a maximum for u . In fact, this maximum comes from an equilibrium between the energy taken to accelerate the fluid and the energy lost in boundary layers, which can be associated with the efficiency ratio
analytically but a rather good estimation can be obtained in linking asymptotic expressions, method which is not indispensable here but will be needed for the case of the Couette flow.
The three solutions of the third degree equation (24) 
Fig. 5. Propulsion nozzle
Here, the velocity profiles are not supposed uniform, which lead to use kinetic energy coefficients
by definition to unity for a uniform velocity profil:
is the mass flow. For a Hartmann velocity profiles,  is found to be: in taking a velocity profile into account, coefficients  are needed, which allows writing: 
Then, if (28) is verified, the mean velocity is maximum and is found to be equal to : To conclude this section on propulsion nozzles, one can notice that in the previous study, the electric field was assumed enough weak to avoid electrolysis, but in general, this is not the case, and a coupling between electrolysis and hydrodynamics have to be taken into account (see e.g. [5] for details). However, under hypothesis, it is possible to solve a flow with electrolysis of the fluid as we will see with the study of the Couette flow in the following part.
COUETTE PROBLEM
In this section, previous solution will be extended to a problem generally referred as Couette flow (see Fig. 6 ): with the previous problem, the lower wall stays stationary but the other, at 
Fig. 6. Magnetohydrodynamic Couette flow
Since this problem is quite similar to the previous one, with the same hypothesis, one can write
where o E and o B are constants.
Classical analytical solution
As in the previous section, the heat-transfer and fluid motion equations are uncoupled and it is possible to solve equations separately. Moreover the equations are linear and, following e.g. [3] , the solution for u is found to be (see fig. 7 ) with the boundary conditions 
The comparison of this analytic estimation with numeric solutions shows that this estimation is correct at less than 5% for the range
It is also interesting to know that an analytical solution for the temperature distribution of a Couette flow has also been found when  is a linear function of T, but the solution has too many terms to be reproduced here.
Study of the Couette flow analytical solutions
First of all, as we have done for the Hartmann flow, it is interesting to study the asymptotic expressions of previous solutions:
As in the previous section, when H is assumed to be nul, the classical solution for no applied magnetic field is 
The comparison of this optimal Hartmann number with numeric solutions shows that this estimation is correct at less than 15% for KH > 20. One can notice also that 
Extension to a solution with electrolysis
As we have seen previously, electrolysis is difficult to avoid and have to be taken into account in general. Then, with chemical reactions at electrodes, the potential is reduced of : , all the results exposed above for the Couette flow, and so for the Hartmann flow also, are still correct when there is an electrolysis of the fluid.
Extension to another configuration
It is interesting to notice that a permutation between the electrical field and the magnetic field in the problem considered above create the same flow in the opposite direction. Then, previous solutions are still true when the velocity profile of the Couette flow, and then the Hartmann flow, is studied between two infinite plane electrodes. This property may be useful in a two-dimensional numerical simulation 
where we use these reduced variables: 
RAYLEIGH PROBLEM
The Rayleigh problem, also called first Stoke's problem, is a transient problem in which a magnetic field, assumed uniform in space and constant in time, is applied normal to the surface of an impulsively moved half plane (see Fig. 11 ). This problem is interesting because its solution can be obtained in closed form, so that the nature of magnetohydrodynamic boundary-layer can be inferred.
Here, because of the transient nature of the problem, it is easiest to work with the well-known induction equation:
which is obtained directly from the Maxwell's equation and the Ohm's law. Then, the governing equations of the problem are (7) and (49), that is to say: As in the previous section, the heat-transfer and fluid motion equations are uncoupled and it is possible to solve equations separately. However, the equations (50) and (51) show that the velocity and the induced magnetic field are solutions of a partial differential system of two equations coupled.
A general expression of the shear stress on the wall can be obtained, see [3] It is also possible to obtain a general solution for the steady motion because in this case, (50) and (51) can be written as: However, no general solution has been found for the Rayleigh problem, and hypotheses have to be made to go further. Various approximations can be made (see references [6] and [7] ) and we choose here to assume The study of the temperature distribution is a boundary layer problem quite difficult to solve analytically, which has been already studied by many authors. This aspect has not been studied in this work (for details, see reference [10] ).
CONCLUSION
In the present paper, various test cases for MHD problems have been analytically investigated and physically discussed. The presented work is the starting point of a more general study which aims at validating some engineering numerical tools that can be used to model multi-physic problems.
Future publication will present a numerical procedure, based on the finite element method, which will be used to study more complex situations in MHD flows. Validation of the finite element procedure will be performed by a comparison between the numerical computations and analytical calculations on the test cases developed in the present paper. Industrial perspective of this R&D program involves an investigation of flow control with MHD-based techniques.
